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Abstract
In this paper, we show that two Zariski dense subgroups consisting of hyperbolic elements
in SOðn þ 1; nÞrR2nþ1 with the same marked Margulis invariant, are conjugate. We also
consider in afﬁne deformations an analogue of quasifuchsian deformation of Fuchsian groups.
r 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Let M be a complete ﬂat afﬁne manifold. Milnor [15] conjectured that p1ðMÞ is
virtually polycyclic. But Margulis found counterexamples with free fundamental
groups in [11,12,1,2] using Margulis invariant. In this notes we want to closely
investigate this invariant. Specially we concern an afﬁne isometry action on the space
Rnþ1;n: This space is a vector space R2nþ1 with a bilinear form B deﬁned by
BðX ; YÞ ¼ x1y1 þ?þ xnþ1ynþ1  xnþ2ynþ2 ? x2nþ1y2nþ1:
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The group of isometries of this space is Oðn þ 1; nÞrR2nþ1: For ðA; bÞAOðn þ
1; nÞrR2nþ1; A is called a linear part, b a translational part. The nullcone
N ¼ fxAR2nþ1 jBðx; xÞ ¼ 0g
is invariant by Oðn þ 1; nÞ:
An element gASOðn þ 1; nÞ is called (purely) hyperbolic if g has real eigenvalues,
counting multiplicities,
jlnðgÞjp?pjl1ðgÞjol0ðgÞ ¼ 1ojl1ðgÞjp?jlnðgÞj
such that liðgÞliðgÞ ¼ 1: Denote wiðgÞ the corresponding eigenvectors so that
(1) BðwiðgÞ; wjðgÞÞ ¼ di;j;
(2) for i ¼ 0; Bðw0ðgÞ; w0ðgÞÞ ¼ 1 and ðw0ðgÞ; wnðgÞ;y; w1ðgÞ; w1ðgÞ;y; wnðgÞÞ is
positively oriented.
Note that if we take wiðgÞ instead of wiðgÞ; then by condition 1 above, we should
take wiðgÞ; so the orientation remains the same.
We say ðA; bÞ is hyperbolic if A is hyperbolic. For h ¼ ðg; vÞASOðn þ 1; nÞrR2nþ1
hyperbolic, the Margulis invariant aðhÞ of h is
Bðv; w0ðgÞÞ:
If n is odd, aðhÞaðh1Þ40:
In this paper, we consider the marked Margulis invariant of a Zariski dense
subgroup in SOðn þ 1; nÞrR2nþ1: The ﬁrst theorem we want to prove is
Theorem A. Let G1 and G2 be Zariski dense subgroups of SOðn þ 1; nÞrR2nþ1
consisting of hyperbolic elements. Suppose f : G1-G2 is an isomorphism preserving
the Margulis invariant. Then G1 and G2 are conjugate. Specially if f is such that
fðA; bÞ ¼ ðA; cÞ; i.e., G1 and G2 have the identical linear parts, then f is a conjugation
by a translation.
This theorem is proved in Theorems 2 and 3. When n ¼ 1; the theorem is
independently proved by [5]. Such type of theorem for marked length spectrum is
known in [8,9,3]. But Margulis invariant comes with a sign which reﬂects the
dynamics of an action.
An affine deformation of GCSOðn þ 1; nÞ is a homomorphism f : G-SOðn þ
1; nÞrR2nþ1 such that fðA; bÞ ¼ ðA; ufðAÞÞ: An afﬁne deformation is proper if its
action on R2nþ1 is proper.
Up to Section 3, we deal with the case SOð2; 1ÞrR4 to get a general idea for
SOðn þ 1; nÞrR2nþ1: Also the purpose of using R4 is to extend the action of
SOð2; 1Þ on R3 to R4: Here we identify SOð2; 1Þ with
1 0
0 SOð2; 1Þ
 
:
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We want to investigate the analogue of quasifuchsian deformations of Fuchsian
groups in a hyperbolic 3-space.
If f : G-SOð2; 1ÞrR4 is an afﬁne deformation with u ¼ ufAZ1ðG;R4ÞC
Z1ðG; soð3; 1ÞÞ such that
 trðuðgÞgÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðtrg  2Þ2  4
q 40
for all gAG hyperbolic, we call uf positive. For deﬁnitions, see Sections 3 and 5. Then
we have
Theorem B. Suppose GCSOð2; 1Þ is a cocompact lattice. Then any affine deformation
f : G-SOð2; 1ÞrR4 with uf positive is not proper.
2. SOð2; 1ÞrR4 action on R4
The complement of the origin in the nullcone in R2;1 consists of two components
Nþ ¼ fxAN j x340g; N ¼ fxAN j x3o0g:
One says that a vector vAR3 is spacelike if Bðv; vÞ40; timelike if Bðv; vÞo0: We
naturally embed SOð2; 1Þ into SOð3; 1Þ as
1 0
0 SOð2; 1Þ
 
:
We can develop the same theory for any embedding of SOð2; 1Þ into SOð3; 1Þ but
here we choose a standard one. A (purely) hyperbolic isometry A in SOð2; 1Þ has
eigenvalues l1; 1; l where l41: Denote wANþ; w0; wþANþ eigenvectors of A with
Bðw0; w0Þ ¼ 1 corresponding to l1; 1; l; respectively. There exists a unique vector
w0 ¼ w0ðAÞ so that ðw0; w; wþÞ is a positively oriented basis of R3:
Let g ¼ ðA; XÞASOð2; 1Þ 
 R4: Regarding A as an element of SOð3; 1Þ; A will
have eigenvalues l1; 1; 1; l: Denote w00 an eigenvector for an extra 1 perpendicular to
w0 so that jw00j ¼ 1: Actually in our case, w00 can be chosen as e1 ¼ ð1; 0; 0; 0Þ: Then
ðe1 ¼ w00; w0; w; wþÞ is a positively oriented basis of R4: We want to ﬁnd an invariant
axis of g ¼ ðA; X Þ along which g translates.
Lemma 1. Let g ¼ ðA; XÞ as above. Set X ¼ kw0 þ le1 þ mw þ nwþ: Then any line of
slope l
k
(with respect to ðw0; e1Þ) on the plane xw0 þ ye1 þ m1l1w þ n1lwþ; x; yAR; is
invariant by g:
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Proof. Let C ¼ xw0 þ ye1 þ zw þ wwþ and tðaw0 þ be1Þ þ C be an invariant line of
g: Then
Aðtðaw0 þ be1Þ þ CÞ þ X ¼ sðaw0 þ be1Þ þ C:
From this one obtains
ta þ k þ x ¼ sa þ x;
tb þ l þ y ¼ sb þ y;
zl1 þ m ¼ z;
wlþ n ¼ w:
So z ¼ m
1l1; w ¼ n1l: From the ﬁrst two equations above, x and y are arbitrary and
s ¼ t þ k
a
¼ t þ l
b
: So b
a
¼ l
k
: So the claim follows. &
Observe that
Aðtðaw0 þ be1Þ þ CÞ þ X ¼ t þ
k
a
 
ðaw0 þ be1Þ þ C
¼ tðaw0 þ be1Þ þ ðkw0 þ le1Þ þ C:
So g translates along this line by the vector kw0 þ le1:
Now we deﬁne the Margulis invariant of g ¼ ðA; bÞ by
ðk; lÞ ¼ ðBðb; w0Þ;Bðb; e1ÞÞ ¼ ðw0 component of b; e1 component of bÞ:
Since g1 ¼ ðA1;A1bÞ; if b ¼ kw0 þ le1 þ mw þ nwþ; then
A1b ¼ kw0  le1  mlw  nl1wþ:
Also ðw0; wþ; wÞ is a positively oriented basis for A1: So the Margulis invariant of
g1 is ðk;lÞ:
We investigate the importance of this invariant, not completely, but yet to be
explored. Suppose two purely hyperbolic elements g1 and g2 in SOð2; 1Þ have
eigenvectors ðw0; w; wþÞ; ð*w0; *w; *wþÞ: Then they are called transversal if R3 ¼
/wþ; *w0; *wþS ¼ /*wþ; w0; wþS; where /XiS denotes a subspace generated by Xi:
Two elements h1 and h2 in SOð2; 1ÞrR4 are called purely hyperbolic if their linear
parts are purely hyperbolic and called transversal if their linear parts are transversal.
Note that any purely hyperbolic element and its inverse are transversal.
The orientation on a space like line lC/w0; w
þS induced by g is deﬁned to be w
such that w is parallel to l and Bðw; w0Þ40: For g1 and g2 transversal, l ¼
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/w0; w
þS-/*w0; *wþS is a spacelike line. Then it is easy to see that the induced
orientations on l by g1 and g2 are opposite. So if ðk; lÞ and ðm; nÞ are Margulis
invariants of two transversal elements h1 ¼ ðg1; bÞ and h2 ¼ ðg2; cÞ and kmo0; then
h1 and h2 move along the same direction with respect to l in R
3: See [4].
Using the sign of Margulis invariant, Margulis proved in [13] that if
h1; h2ASOðn þ 1; nÞrR2nþ1 are transversal and have opposite signs, then /h1; h2S
does not act properly on Rnþ1;n; where /hiS denotes a group generated by hi:
Proposition 1. Suppose h1 ¼ ðA; bÞ; h2 ¼ ðB; cÞASOð2; 1ÞrR4 are transversal. Sup-
pose b ¼ kw0 þ le1 þ pw þ qwþ and c ¼ m *w0 þ ne1 þ r*w þ s*wþ: If Margulis invar-
iants of h1 and h2 are ðk; lÞ; ðm; nÞ; respectively, and kmo0; and /kw0 þ le1; wþSþ
p
1l1w
 þ q
1lw
þ-/m *w0 þ ne1; *wþSþ r1*l1 *w þ s1*l*wþ is a line L, then the action of
the group generated by h1; h2 is not proper.
Proof. Note that, taking inverse if necessary, we may assume that ln40: Now kmo0
implies that h1 and h2 move along the same direction with respect to
/wþ; w0S-/*wþ; *w0S ¼ L0: Note that
L00 ¼ /kw0 þ le1; wþS-/m *w0 þ ne1; *wþSC/e1; w0; wþS-/e1; *w0; *wþS
C/e1; L0S:
Also ln40; kmo0 implies that h1 and h2 move along the same direction with
respect to L00: So h1 and h2 move along the same direction with respect to L: Then the
proof goes exactly the same way as in the usual Margulis invariant case. Take a
rectangle with vertices
p
1 l1w
 þ q
1 lw
þ7
1
2
ðkw0 þ le1Þ7wþ:
The orbit of this rectangle under h1 will contain L eventually since the linear part of
h1 will dilate wþ exponentially. The same thing is true for h2 with the rectangle
r
1 *l1 *w
 þ s
1 *l*w
þ7
1
2
ðm*w0 þ ne1Þ7*wþ:
Choose a compact set K containing these rectangles. Then h
p
1K-h
q
2Ka| for
inﬁnitely many p; q40: So hq2 h
p
1K-Ka|: This implies that the action of the group
generated by h1; h2 is not proper. See [4]. &
The weak point of this theorem is that in general such an intersection line L does
not exits. This causes some complications to detect the properness of afﬁne action on
R4 of subgroups in SOð2; 1ÞrR4:
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3. Margulis invariant determines the afﬁne action
In this section, we show that the afﬁne deformation is completely determined by
the Margulis invariant up to translational conjugacy.
Theorem 1. Suppose f : G1-G2 is an isomorphism between Zariski dense subgroups
consisting of hyperbolic isometries in SOð2; 1ÞrR4; which is the identity on the linear
part. If f preserves the Margulis invariant, then it is a conjugation by a translation.
Let GCOð2; 1ÞCOð3; 1Þ: An affine deformation of G in R4 is a homomorphism
f : G-IsoðR3;1Þ whose linear part is G: It is called proper if the action on R4 is
proper. Write
fðgÞ ¼ ðg; uðgÞÞ:
Then u ¼ uf satisﬁes the cocycle condition
ufðg1g2Þ ¼ ufðg1Þ þ g1ufðg2Þ:
Such u is called a cocycle and the set of cocycles is denoted by Z1ðG;R4Þ: If f1;f2
are afﬁne deformations of G which are conjugate by translation by v; then the
difference uf1  uf2 is the cocycle
g-v  gv:
Such a cocycle is called a coboundary. The set of coboundaries is denoted by
B1ðG;R4Þ: Then the set of translational conjugacy classes of afﬁne deformations of G
is the cohomology H1ðG;R4Þ ¼ Z1ðG;R4Þ=B1ðG;R4Þ: Note that ðh; cÞ1ðg; bÞðh; cÞ ¼
ðh1gh; h1gc þ h1b  h1cÞ:
If w0; w
7 are eigenvectors of g and
b ¼ kw0 þ le1 þ?; c ¼ mw0 þ ne1 þ?;
then
h1gc þ h1b  h1c ¼ kh1w0 þ le1 þ? :
Since h1gh has a positively oriented basis
ðe1; h1w0; h1w; h1wþÞ;
the Margulis invariant is invariant under conjugation. The marked Margulis
invariant is the function
H1ðG;R4Þ-ðR2ÞG;
½u-af;
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where fðgÞ ¼ ðg; uðgÞÞ and afðgÞ is the Margulis invariant of fðgÞ: The goal of this
section is to show that the above function is injective.
A layout of the proof: Let G ¼ SOð2; 1ÞrR4: It is not difﬁcult to show that a
unique proper maximal normal subgroup of it is R4: All the normal subgroups of G
are feg; G;Re1; 0þ R3;R4:
Step I: Suppose two Zariski dense subgroups G1 and G2 are isomorphic by an
isomorphism r : G1-G2: Suppose r preserves the Margulis invariant and set G ¼
fðg; rðgÞÞ j gAG1g: Let H be the Zariski closure of G in G 
 G: Denote Pi a projection
onto each factor. Then Pi is an isomorphism.
Step II: Then f ¼ P2 3 P11 : G-G is an isomorphism extending r: If the
isomorphism is the identity on the linear part, it is a conjugation by a translation.
First we identify G ¼ SOð2; 1ÞrR4 with a subgroup of GLð5;RÞ: Any element in
G is of the form
1 0 x
0 SOð2; 1Þ
0 0 1
2
64
3
75;
where xAR4 is a column vector. Let
J ¼
1 0 0
0 1 0
0 0 1
2
64
3
75:
Then G is an algebraic subgroup of GLð5;RÞ: For G can be deﬁned as
fðxijÞ1pi;jp5 j x11 ¼ x55 ¼ 1; x12 ¼ x13 ¼ x14 ¼ x21
¼ x31 ¼ x41 ¼ x51 ¼ x52 ¼ x53 ¼ x54 ¼ 0; M ¼ ðxijÞ2pi;jp4; MJMt
¼ J; det M ¼ 1g:
We will consider a subset S in G 
 G: The subset S consists of pairs of elements
having the same Margulis invariants up to sign. Since ﬁnding eigenvector with
eigenvalue 1 and having the same Margulis invariants are polynomial equations, the
set S will be an algebraic subvariety of G 
 G: Another way of putting this is as
follows.
Let
S ¼ A x
0 1
 
; X ¼ ð0; x2; x3; x4ÞAR4 j AASOð2; 1Þ; x22 þ x23  x24 ¼ 1;1; 0; AX ¼ X
 
:
Then G ¼ SOð2; 1ÞrR4 can be naturally included in S: See also Section 4. Note
that S is an algebraic subvariety of GLð5;RÞ 
 R4: Denote an element in S by
ðA; x; X Þ: Let
T ¼ f½ðA; x; XÞ; ðB; Z; Y ÞAS 
 S jBðX ; xÞ ¼ BðY ; ZÞ;Bðx; e1Þ ¼ BðZ; e1Þg:
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Note that if h1 ¼ ðA; bÞ; h2 ¼ ðB; cÞ are hyperbolic, and they have the same
Margulis invariant, then naturally ðh1; h2ÞAT :
Then T-ðG 
 GÞ is an algebraic subvariety of G 
 G: So T-ðG 
 GÞ is closed in
Zariski topology of G 
 G:
Proposition 2. Let r : G1-G2 be an isomorphism between Zariski dense subgroups
G1;G2CG preserving Margulis invariant. Let H be the Zariski closure of G ¼
fðg; rðgÞ j gAG1g in G 
 G: Denote Pi a projection from H to each factor. Then Pi is an
isomorphism.
Proof. Note HCT-ðG 
 GÞ: Specially this implies that for any ða; bÞAH;a and b
hyperbolic, a and b have the same Margulis invariant up to sign of the ﬁrst
component of the Margulis invariant. First, PiðHÞ is normalized by Gi; so it is a
normal subgroup of G since Gi is Zariski dense. But PiðHÞ is not contained in R4
(which is the maximal normal subgroup not equal to feg; G), so it must be the whole
group G: So Pi is onto.
Suppose P1 has a kernel K : It is a subgroup of feg 
 G ¼ G: Since it is
normal in H and G2 is Zariski dense in G; K is normal in G ¼ SOð2; 1ÞrR4:
Since only normal subgroups of G are feg; G;R4;R;R3; K must be one of these.
If Kafeg; there exists ðh1; h2ÞAH whose Margulis invariants are different.
More precisely, if K ¼ Re1: Choose ½h1 ¼ ðA; bÞ; h2 ¼ ðB; cÞAH so that A; B
are hyperbolic and the e1 components of b; c are nonzero (such a pair exists
since PiH ¼ G). Since ½ðI ; 0Þ; ðI ;Re1Þ ¼ K ; by multiplying an element in K;
one obtains ½h1; h02 ¼ ðB; dÞAH with the e1 component of d equal zero. Then
the Margulis invariants of h1; h
0
2 are different. But since HCT ; Margulis
invariants of h1 and h
0
2 should be the same. This is a contradiction. If K ¼
f0g þ R3; take ½h1 ¼ ðA; bÞ; h2 ¼ ðB; cÞ so that Bðb; w0ðAÞÞ ¼ Bðc; w0ðBÞÞa0: But
multiplying an element in K ; one can get ½h1; h02 ¼ ðB; dÞAH so that
Bðw0ðBÞ; cÞaBðw0ðBÞ; dÞ: This is again a contradiction. The same thing is true for
K ¼ G or K ¼ R4: This shows that K is trivial and so P1 is an isomorphism.
Similarly P2 is an isomorphism. &
Now take f ¼ P2 3 P11 : G-G which is an isomorphism extending r : G1-G2:
This is a continuous map since projection is a continuous map. Note that f still
preserve the Margulis invariant up to sign for hyperbolic elements.
Now suppose Gi comes from an afﬁne deformation of a Zariski dense
subgroup of SOð2; 1Þ: Then f will preserve the linear part by the deﬁnition
of an afﬁne deformation. So fðA; bÞ ¼ ðA; cÞ for any ðA; bÞAG: We
want to show that f is a conjugation by a translation. First we prove several
propositions.
Proposition 3. Let f : G-G be a Margulis invariant preserving continuous
isomorphism which is the identity on linear part. Then fðR4Þ ¼ R4 and indeed it is
the identity on R4:
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Proof. Since R4 is the maximal normal subgroup of G ¼ SOð2; 1ÞrR4; and since f
is an isomorphism, fðR4Þ must be a maximal normal subgroup of G again, which is
R4: Since the group structure of I 
 R4 is just the addition in R4; fjR4 must be a
linear map. Denote it by L: We want to show that L is the identity.
Let fðA; 0Þ ¼ ðA; uAÞ and ﬁx a hyperbolic element AASOð2; 1Þ: Denote the
eigenvectors of A by w0A; w

A ; w
þ
A as usual and let uA ¼ k0w0A þ l0e1 þ m0wA þ n0wþA :
For bAR4; let b ¼ kw0A þ le1 þ mwA þ nwþA : Note fðA; bÞ ¼ fðA; 0ÞfðI ; A1bÞ ¼
ðA; ALA1b þ uAÞ:
Set
ALA1w0A ¼ x11w0A þ x12e1 þ x13wA þ x14wþA ;
ALA1e1 ¼ x21w0A þ x22e1 þ x23wA þ x24wþA ;
ALA1wA ¼ x31w0A þ x32e1 þ x33wA þ x34wþA ;
ALA1wþA ¼ x41w0A þ x42e1 þ x43wA þ x44wþA :
Since f preserves the Margulis invariant
kx11 þ lx21 þ mx31 þ nx41 þ k0 ¼ k;
kx12 þ lx22 þ mx32 þ nx42 þ l0 ¼ l:
But this must be true for any choice of b; so for any choice of k; l; m; n: So we get
x11 ¼ x22 ¼ 1; k0 ¼ l0 ¼ x21 ¼ x31 ¼ x41 ¼ x12 ¼ x32 ¼ x42 ¼ 0:
This implies that
ALA1w0A ¼ w0A þ x13wA þ x14wþA ; ð1Þ
ALA1e1 ¼ e1 þ x23wA þ x24wþA ; ð2Þ
ALA1wA ¼ x33wA þ x34wþA ; ð3Þ
ALA1wþA ¼ x43wA þ x44wþA : ð4Þ
Then Eqs. (3) and (4) imply that L leaves invariant /wA ; w
þ
AS for any hyperbolic
element AASOð2; 1Þ:
If LwþA is a scalar multiple of w
þ
A for all hyperbolic A; L restricted to 0þ R3 must be
a scalar multiple of the identity in R3; say mI : Then
ALA1w0A ¼ mw0A:
Since x11 ¼ 1; we conclude that L restricted to 0þ R3 is the identity.
So suppose there is a hyperbolic element A so that LwþAe/w
þ
AS: Choose a
hyperbolic element BASOð2; 1Þ so that wþA ¼ wþB ; wBawA and LwþAe/wB ; wþBS: This is
not allowed since LwþA ¼ LwþB must be in /wB ; wþBS: This way one can shows that
LwþA ¼ wþA for any hyperbolic A: Then it is easy to see that by varying A; L must be
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identity on 0þ R3: Eq. (2) implies that
ALA1e1 ¼ ALe1 ¼ e1 þ x23wA þ x24wþA
for any hyperbolic AASOð2; 1Þ: So
Le1 ¼ e1 þ x23l1A wA þ x24lAwþA
for any A; which implies that Le1 ¼ e1: So L ¼ I on R4: &
Now we ﬁnish the proof.
Proposition 4. Let f be as in the previous proposition. Then f is a conjugation by a
vector C:
Proof. Take a canonical Cartan (polar) decomposition SOð2; 1Þ ¼ K %AþK where %Aþ
is of the form
1 0 0
0 cosh t sinh t
0 sinh t cosh t
2
64
3
75
and K is of the form
SOð2Þ 0
0 1
 
:
Let
At ¼
1 0 0
0 cosh t sinh t
0 sinh t cosh t
2
64
3
75:
Note w0At ¼ ð1; 0; 0Þ; wAt ¼ ð0;1; 1Þ; wþAt ¼ ð0; 1; 1Þ for t40: If fðAtÞ ¼ ðAt; uÞ; then
u is in /wAt ; w
þ
At
S because f preserves Margulis invariant. There exists a unique
solution in /wAt ; w
þ
At
S to AtCt  Ct ¼ u: So from now on we write fðAtÞ ¼
ðAt; AtCt  CtÞ: Further we identify At with
cosh t sinh t
sinh t cosh t
 
:
Note fðAtÞ has a ﬁxed point Ct: But it has a unique ﬁxed point since AtX þ
ACt  Ct ¼ X has a unique solution X ¼ Ct: Since At is abelian, fAtg has a unique
global ﬁxed point Ct ¼ C: This shows that
fðAtÞ ¼ ðAt; AtC  CÞ:
ARTICLE IN PRESS
I. Kim / Journal of Functional Analysis 219 (2005) 205–225214
So far we showed that fðAÞ ¼ ðA; AC  CÞ for any AAAþ:
Now we do the same thing for K: Since f is continuous, fðKÞ is compact. Since
fðAÞ ¼ ðA; uAÞAKrR4; fðKÞ is a Euclidean isometry subgroup of IsoðR4Þ: So it
has a global ﬁxed point C0: This implies that AC0 þ uA ¼ C0: So fðAÞ ¼
ðA; AC0  C0Þ for any AAK : Let C0 ¼ ð0; b; a; cÞ: Let C ¼ ð0; 0; x; yÞ: Since AAK is
of the form
SOð2Þ 0
0 1
 
;
one can take C0 ¼ ð0; b; a; yÞ: Similarly since Aþ ﬁxes ð1; 0; 0Þ; one can take C ¼
ð0; b; x; yÞ: So all we have to show is x ¼ a:
Note that there exists kAK so that kAtk ¼ At: Explicitly
k ¼
1 0 0
0 1 0
0 0 1
2
64
3
75:
Then fðkAtkÞ ¼ fðAtÞ implies that
ðk; kC0  C0ÞðAt; AtC  CÞðk; kC0  C0Þ ¼ ðA1t ; A1t C  CÞ:
Then a direct calculation shows that
AtðkC  kC0 þ C0  CÞ ¼ kC  kC0 þ C0  C:
This is possible only when a ¼ x since Aþ ﬁxes Rð1; 0; 0Þ:
Since fðAÞ ¼ ðA; AC  CÞ for AAAþ and AAK ; using SOð2; 1Þ ¼ K %AþK ; a direct
calculation shows that fðAÞ ¼ ðA; AC  CÞ for any AASOð2; 1Þ: Since fjR4 ¼ I ;
fðA; bÞ ¼ ðA; b þ AC  CÞ: So f is a conjugation by C: &
Since we identiﬁed SOð2; 1Þ with
1 0
0 SOð2; 1Þ
 
the same proof works for SOð2; 1ÞrR3: So we have
Corollary 1. Suppose two isomorphic Zariski dense subgroups G1 and G2 consisting of
hyperbolic elements with the identical linear parts in SOð2; 1ÞrR3; have the same
Margulis invariant. Then they are conjugate by a translation.
This corollary is independently proved by [5]. In the next section, we prove this
fact for all Zariski dense subgroups in SOðn; n  1ÞrR2n1:
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4. Isospectral rigidity of SOðn þ 1; nÞrR2nþ1
Before we proceed with a proof, it is best to give an example. Take SOð3; 2Þ: Let
A1 ¼
1 0 0 0 0
0 cosh t 0 0 sinh t
0 0 1 0 0
0 0 0 1 0
0 sinh t 0 0 cosh t
2
6666664
3
7777775
; A2 ¼
1 0 0 0 0
0 1 0 0 0
0 0 cosh t sinh t 0
0 0 sinh t cosh t 0
0 0 0 0 1
2
6666664
3
7777775
:
Set w0 ¼ e1 ¼ ð1; 0;y; 0Þ; w71 ¼ ð0;71; 0; 0; 1Þ; w72 ¼ ð0; 0;71; 1; 0Þ: Let
B1 ¼ Diagð1;1; 1; 1; 1Þ; B01 ¼ Diagð1; 1; 1; 1; ;1Þ;
B2 ¼ Diagð1; 1;1; 1; 1Þ; B02 ¼ Diagð1; 1; 1;1; 1Þ
be elliptic elements so that
B1A1B1 ¼ B01A1B01 ¼ A11 ; B2A2B2 ¼ B02A2B02 ¼ A12 ;
BiAjBi ¼ Aj; B0iAjB0i ¼ Aj; iaj:
If
C ¼ x1w1 þ y1w1 þ x2w2 þ y2w2
¼ð0;x1 þ y1;x2 þ y2; x2 þ y2; x1 þ y1Þ;
then
B1C  C ¼ ð0; 2ðx1  y1Þ; 0; 0; 0Þ; B01C  C ¼ ð0; 0; 0; 0;2ðx1 þ y1ÞÞ
B2C  C ¼ ð0; 0; 2ðx2  y2Þ; 0; 0Þ; B02C  C ¼ ð0; 0; 0;2ðx2 þ y2Þ; 0Þ:
So if
C0 ¼ z1w1 þ w1w1 þ z2w2 þ w2w2
¼ð0;z1 þ w1;z2 þ w2; z2 þ w2; z1 þ w1Þ
and
BiC  C ¼ BiC0  C0; B0iC  C ¼ B0iC0  C0;
then C ¼ C0: We will use these in the next theorem. One should keep in mind the
above example.
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Fix a Cartan decomposition SOðn þ 1; nÞ ¼ K %AþK : Since the symmetric space
SOðn þ 1; nÞ=SOðn þ 1Þ 
 SOðnÞ has rank n; and since one can embed
SOð2; 1Þ=SOð2Þ into it, there exists A1;y; AnA %Aþ and w0 ¼7e1; fwi; wigi¼1;y;n
so that Ai generate A
þ and
Aiwi ¼ liwi; Aiwi ¼ liwi:
For iaj;
Aiwj ¼ wj; Aiwj ¼ wj:
Every Ai ﬁxes w0: For each Ai; there exists Bi ¼ B1i ; B0i ¼ B0i1AK so that
BiAiBi ¼ A1i ; B0iAiB0i ¼ A1i :
Specially Bi swaps wi and wi; and ﬁxes all wk; wk for iak: Similarly
B0iwi ¼ wi; B0iwi ¼ wi
and ﬁxes all wk; wk for iak:
Note that for AAAþ; the Margulis invariant of ðA; bÞ with b ¼ mw0 þ
P
liwi; is m:
Also the eigenvalues of any element A in the interior Aþ of the closed Weyl chamber
%Aþ; are all different from 1 except the one corresponding to w0 ¼7e1:
Set
S ¼ A x
0 1
 
; XAR2nþ1 j AASOðn þ 1; nÞ; AX ¼ X ;BðX ; XÞ ¼ 1; 1; 0
 
:
Then G ¼ SOðn þ 1; nÞrR2nþ1 can be naturally included in S in the following sense.
If ðA; xÞ is hyperbolic, X corresponds to an eigenvector with eigenvalue 1, of course,
it is not unique since we can equally take X : But it is clear in the proof of
Proposition 2, that the sign is not important (i.e., the same absolute value of
Margulis invariant is sufﬁcient). If ðA; xÞ is not hyperbolic, there might be a lot of X
corresponding to this element, for example if one takes ðI ; xÞ; X is a set in R2nþ1 with
norm 71: But again it is clear in Proposition 2 that all we use are hyperbolic
elements.
Note that S is an algebraic subvariety of GLð2n þ 2;RÞrR2nþ1: Denote an
element in S by ðA; x; XÞ: Let
T ¼ f½ðA; x; XÞ; ðB; Z; Y ÞAS 
 S jBðx; XÞ ¼ BðZ; YÞg:
Note that if h1 ¼ ðA; bÞ; h2 ¼ ðB; cÞ are hyperbolic, and have the same Margulis
invariant, then naturally ðh1; h2ÞAT : Then the same argument works for SOðn þ
1; nÞ to prove Proposition 2.
We show Propositions 3 and 4 in this case.
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Proposition 5. Let f : G-G be a Margulis invariant preserving continuous
isomorphism, which is the identity on linear part. Then fjR2nþ1 ¼ I :
Proof. Denote fjR2nþ1 ¼ L: For a purely hyperbolic element A; denote wAi ; 
npipn its eigenvectors as usual. If fðA; 0Þ ¼ ðA; uAÞ; fðA; bÞ ¼ ðA; ALA1b þ uAÞ
for any b ¼PyiwAi : Set uA ¼P y0iwAi ;  npipn: Set
ALA1wAi ¼
X
xijwAj ;  npi; jpn:
Then
ALA1b ¼
X
ykxkjwAj ;  npk; jpn:
Since ðA; bÞ and fðA; bÞ have the same Margulis invariant,
y0 ¼
X
k
ykxk0 þ y00:
But yk is arbitrary, so
x00 ¼ 1; y00 ¼ 0; xk0 ¼ 0; ka0:
This implies that for ia0;
ALA1wAi A/w
A
j Sja0
for any purely hyperbolic element A: So
L/wAj Sja0C/w
A
j Sja0:
As in Proposition 3, if LwA1 is a scalar multiple of w
A
1 for all hyperbolic elements A;
then L is mI : But since x00 ¼ 1; m ¼ 1:
So suppose for some hyperbolic element A; LwA1 is not a scalar multiple of w
A
1 : As
in Proposition 3, choose a hyperbolic element B so that wB1 ¼ wA1 and LwB1e/wBj Sja0;
which will give a contradiction. So L ¼ I : &
Now we ﬁnish the proof in general case.
Theorem 2. Let G1;G2CG ¼ SOðn þ 1; nÞrR2nþ1 be isomorphic Zariski dense
subgroups consisting of hyperbolic elements with the identical linear parts. If they
have the same Margulis invariant, then they are conjugate by a translation.
Proof. As before let f : G-G be the Margulis invariant preserving continuous
isomorphism extending a given isomorphism between G1 and G2: For any AAAþ;
since f preserves the Margulis invariant, if fðAÞ ¼ ðA; uAÞ; then uA is contained in
/wi; wiSia0: So ACA  CA ¼ uA has a unique solution in /wi; wiSia0 since A has
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eigenvalues all different from 1 except the one corresponding to w0: Also AX þ
ACA  CA ¼ X has a unique solution X ¼ CA in /wi; wiSia0: Since Aþ is abelian,
fðAþÞ must ﬁx a unique ﬁxed point in /wi; wiSia0; so CA ¼ C is universal for any
AAAþ: So for any A in Aþ;
fðAÞ ¼ ðA; AC  CÞ:
Since fðKÞCSOðn þ 1Þ 
 SOðnÞrR2nþ1 is a compact group in Euclidean
isometry group, it has a global ﬁxed point C0 in R2nþ1: So if fðAÞ ¼ ðA; uAÞ;
then AC0 þ uA ¼ C0 for any AAK and so fðAÞ ¼ ðA; AC0  C0Þ:
Now we show that C can be chosen as C0: Set
C ¼
X
ka0
xkwk þ
X
ka0
ykwk; C
0 ¼ te1 þ
X
ka0
zkwk þ
X
ka0
wkwk:
Using BiAiBi ¼ A1i ; fðBiAiBiÞ ¼ fðA1i Þ implies that
A1i ðBiC  BiC0 þ C0  CÞ ¼ BiC  BiC0 þ C0  C:
Since Ai ﬁxes only Re1; we obtain xi  yi ¼ zi  wi: Similarly using B0iAiB0i ¼ A1i ;
we obtain xi þ yi ¼ zi þ wi: This shows that C þ te1 ¼ C0: But since Ae1 ¼ e1 for all
AAAþ; AC0  C0 ¼ AC  C for all A in Aþ: This shows that C can be taken equal to
C0: Let C ¼ C0: Then fðAÞ ¼ ðA; AC  CÞ for any AAAþ or AAK : Since fjR2nþ1 ¼
Id; and using Cartan decomposition SOðn þ 1; nÞ ¼ K %AþK ;
fðA; bÞ ¼ ðA; AC  C þ bÞ:
So f is a conjugation by C: &
In fact, the following theorem is true.
Theorem 3. Let f : G1-G2 be an isomorphism between two Zariski dense subgroups
of SOðn þ 1; nÞrR2nþ1 preserving the Margulis invariant. Then G1 and G2 are
conjugate.
Proof. As before we obtain an extention of f; denoted again by f; f : G-G which
preserves the Margulis invariant. We do not have a property that fðA; bÞ ¼ ðA; cÞ
anymore, so we directly work on the linear group SOðn þ 1; nÞ which is semisimple.
We claim that f induces an isomorphism on SOðn þ 1; nÞ:
To deﬁne a map on SOðn þ 1; nÞ induced from f; we have to show that, for any
AASOðn þ 1; nÞ; fðA;R2nþ1Þ ¼ ðPðfðA; 0ÞÞ;R2nþ1Þ where P : G-SOðn þ 1; nÞ is a
projection onto SOðn þ 1; nÞ:
As before, since I 
 R2nþ1 is a unique maximal normal subgroup of G and since f
is an isomorphism, fðI 
 R2nþ1Þ ¼ I 
 R2nþ1:
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Suppose fðA; bÞ ¼ ðB; cÞ;fðA; dÞ ¼ ðD; eÞ for AAPðG1Þ; BaDAPðG2Þ hyperbolic
elements. Then
fððA; bÞðA; dÞ1Þ ¼ fðI ; b  dÞ ¼ ðBD1; c  BD1eÞ:
This contradicts the fact that fðI 
 R2nþ1Þ ¼ I 
 R2nþ1:
So there exists a well-deﬁned map %f : SOðn þ 1; nÞ-SOðn þ 1; nÞ so that
%f 3P ¼ P 3 f:
Certainly by the deﬁnition of %f; %f is a continuous isomorphism of SOðn þ 1; nÞ:
Then by the theory of semisimple Lie groups, see [6, p. 247], %f is a conjugation by
some element aASOðn þ 1; nÞ:
After conjugation of f by a; we obtain an isomorphism r : G-G so that
rðA; bÞ ¼ ðA; cÞ; i.e., r is the identity on the linear part. Now we apply Theorem 2 to
conclude that G1 and G2 are conjugate. &
5. Afﬁne deformation of SOð2; 1Þ in R4
In this section we closely follow [7]. As in Section 2, we embed SOð2; 1Þ into
SOð3; 1Þ by
1 0
0 SOð2; 1Þ
 
:
In this section, we concern a quasifuchsian deformation of a purely hyperbolic
subgroup GASOð2; 1Þ in SOð3; 1Þ: If fðgÞ ¼ ðg; ugÞ is an afﬁne deformation of G in
R4; u is an element in Z1ðG;R4Þ as explained in Section 3. By considering R4 as a
subspace of R6 ¼ soð3; 1Þ; one can view u as an element in Z1ðG; soð3; 1ÞÞ:
Lemma 2. There exits a map c : R3-soð2; 1Þ which is Ad-equivariant. Explicitly c is
ðy; z; wÞ-
0 w z
w 0 y
z y 0
2
64
3
75:
Proof. Using SOð2; 1Þ ¼ K %AþK where K is of the form
cos t sin t 0
sin t cos t 0
0 0 1
2
64
3
75
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and Aþ is of the form
1 0 0
0 cosh t sinh t
0 sinh t cosh t
2
64
3
75;
it sufﬁces to show that c is the right map for each g in K or Aþ: Suppose gAAþ:
Then
gðy; z; wÞ ¼ ðy; z cosh t þ w sinh t; z sinh t þ w cosh tÞ:
On the other hand,
1 0 0
0 cosh t sinh t
0 sinh t cosh t
2
64
3
75
0 w z
w 0 y
z y 0
2
64
3
75
1 0 0
0 cosh t sinh t
0 sinh t cosh t
2
64
3
75
¼
0 w cosh t  z sinh t w sinh t þ z cosh t
w cosh t þ z sinh t 0 y
w sinh t þ z cosh t y 0
2
64
3
75:
This shows that
gðy; z; wÞ ¼ gcðy; z; wÞg1:
A similar calculation holds for K : &
Similarly there exits an Ad-equivariant map c : R6-soð3; 1Þ: By the choice of our
embedding of SOð2; 1Þ in SOð3; 1Þ; it is obvious that c map ðx; y; z; wÞ to
0   
 0 w z
 w 0 y
 z y 0
2
6664
3
7775:
Let h ¼ ðg; bÞASOð2; 1ÞrR4 be a hyperbolic element such that b ¼ ðx; y; z; wÞ
and
g ¼
1 0 0 0
0 1 0 0
0 0 cosh t sinh t
0 0 sinh t cosh t
2
6664
3
7775:
ARTICLE IN PRESS
I. Kim / Journal of Functional Analysis 219 (2005) 205–225 221
Note w0g ¼ ð0;1; 0; 0Þ; and so the Margulis invariant of h is
ðw0g component; xÞ ¼ ðy; xÞ:
Then viewing b as an element in soð3; 1Þ;
trðbgÞ ¼ trðcðbÞgÞ ¼ 2y sinh t:
Also
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðtrðgÞ  2Þ2  4
q
¼ 2 sinh t:
So
w0g component ¼ 
trðbgÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðtrðgÞ  2Þ2  4
q :
In general if h ¼ ðA; bÞASOð2; 1ÞrR4 is hyperbolic, there exits BASOð2; 1Þ so that
BAB1 ¼
1 0 0 0
0 1 0 0
0 0 cosh t sinh t
0 0 sinh t cosh t
2
6664
3
7775:
Then BðA; bÞB1 ¼ ðBAB1; BbÞ: Since the Margulis invariant is conjugate
invariant,
w0A component ¼ 
trðBb  BAB1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðtrðBAB1Þ  2Þ2  4
q
¼  trðbAÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðtrA  2Þ2  4
q :
The second equality holds since cðBbÞ ¼ BcðbÞB1: So the Margulis invariant of
any hyperbolic element h ¼ ðg; bÞASOð2; 1ÞrR4 is
 trðbgÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðtrðgÞ  2Þ2  4
q ; e1 component of b
0
B@
1
CA ð5Þ
where b is identiﬁed to an element in soð3; 1Þ under c:
An element uAZ1ðG;R6Þ; satisﬁes
uðg1g2Þ ¼ uðg1Þ þ g1uðg2Þ:
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Identifying R6 with soð3; 1Þ via c;
cðuðg1g2ÞÞ ¼ cðuðg1ÞÞ þ g1cðuðg2ÞÞg11 ;
i.e., uAZ1ðG; soð3; 1ÞAdÞ: So there is a smooth path lt in HomðG; SOð3; 1ÞÞ so that
d
dt
jt¼0lt ¼ u; l0 ¼ G and
ltðgÞ ¼ g expðtuðgÞ þ Oðt2ÞÞ: ð6Þ
If a is an isometry of a Riemannian manifold X ; the translation length lðaÞ is
deﬁned as
min
xAX
dðx; axÞ:
Proposition 6. Let f : G-SOð2; 1ÞrR4 be an affine deformation of a discrete
subgroup GCSOð2; 1Þ with a cocycle uAZ1ðG;R4ÞCZ1ðG; soð3; 1ÞÞ: Suppose that mðtÞ
is a path in HomðG; SOð3; 1ÞÞ so that mð0Þ ¼ G; m0ð0Þ ¼ u: Then the derivative L0gð0Þ at
0 of a translation length lðmtðgÞÞ is
L0gð0Þ ¼ 
trðuðgÞgÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðtrðgÞ  2Þ2  4
q :
Proof. Note mðtÞ : G-SOð3; 1Þ is a deformation of a Fuchsian group G: Since the set
of quasifuchsian deformations of a closed hyperbolic surface is open in
HomðG; SOð3; 1ÞÞ; see [16], mðtÞ is a quasifuchsian deformation of G for small t:
Also there exists a smooth curve tangent to u so that
ltðgÞ ¼ g expðtuðgÞ þ Oðt2ÞÞ
for gAG by Eq. (6).
Then
d
dt
jt¼0tr mtðgÞ ¼
d
dt
jt¼0tr ltðgÞ ¼
d
dt
jt¼0trðg expðtuðgÞ þ Oðt2ÞÞÞ
¼ d
dt
jt¼0trðgðI þ tuðgÞ þ Oðt2ÞÞÞ ¼ trðguðgÞÞ:
By Eq. (5),
d
dt
jt¼0trðmtðgÞÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðtrðgÞ  2Þ2  4
q
 w0g component:
Set LgðtÞ ¼ lðmtðgÞÞ: Since trmtðgÞ ¼ 2þ 2 cosh lðmtðgÞÞ2
 
; we get
d
dt
jt¼0trmtðgÞ ¼ sinh
lðgÞ
2
 
L0gð0Þ:
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Since
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðtrðgÞ  2Þ2  4
q
¼ 2 sinh lðgÞ
2
; we get
w0g component ¼ 
L0gð0Þ
2
: &
If f : G-SOð2; 1ÞrR4 is an afﬁne deformation with u ¼ ufAZ1ðG;R4Þ such that
 trðuðgÞgÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðtrðgÞ  2Þ2  4
q 40
for all gAG; we call uf positive.
Now we are ready to state the following
Theorem 4. Suppose GCSOð2; 1Þ is a cocompact lattice. Then any affine deformation
f : G-SOð2; 1ÞrR4 with uf positive is not proper.
Proof. By Proposition 6, we have that L0gð0Þ40 for all gAG: This implies that for
any gAG; lðmtðgÞÞ is increasing, i.e., the quasifuchsian group mt has a larger
translation length lðmtðgÞÞ than lðgÞ: Let S be a hyperbolic surface H2=G: One can
construct a hyperbolic pleated surface St in Mt ¼ H3=mt as in [17]. St is a complete
hyperbolic surface with respect to the path metric on St: Obviously for any
gAp1ðMtÞ; lð½gÞ in Mt is smaller than the corresponding one in St: This implies that
for any gAp1ðSÞ; lð½gÞ in St is greater than the corresponding one in S: So all the
closed geodesics lengthen in St; which is impossible for closed hyperbolic surface. See
also the argument in [7]. &
Originally the above theorem in R3 is due to Mess [14] and recently it is reproved
by [7].
Open question: When one uses an irreducible representation of SOð2; 1Þ in Rn;
Labourie proved for any dimension that any cocompact lattice in SOð2; 1Þ does not
have a proper afﬁne deformation [10]. We wonder whether we can drop the
hypothesis that u is positive (or negative) even in this reducible representation case.
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